The calculations used wavefunctions which are state-specific for the discrete spectrum, (up to the 1 7 s g 1 G Rydberg state), as well as for the energy-normalized continuous spectrum, (up to 2.0 a.u. above threshold with angular momenta  = 0, 1, 2, 3, 4). For this system, using t  as a control knob, the effects of interference on the photoelectron spectrum are determined clearly for pulses with field-cycles ranging from about 15 to about 80 cycles. The analysis has included the comparison of the nonperturbative results, obtained by implementing the statespecific expansion approach, with those obtained from the application of second order timedependent perturbation theory with two Gaussian pulses of finite duration.
pulses from the FEL in RIKEN, Japan [3, 4] . The results of [2] were compared with the experimental values and with earlier theoretical results from perturbative as well as nonperturbative time-independent calculations. For the conclusions the reader is referred to [2] .
The experimental work of Fushitani et al [4] also included the investigation of aspects of the spectroscopy which is possible when two-color fs pulses, with time delay t  , are used for the study of the ionization of Helium. They combined an ultrashort optical laser pulse of 268 nm (4.63 eV) with FEL pulses of 59.7 nm (20.8 eV). The FEL pulse was off-resonance from the 1 2 s p In view of the developments discussed in [1] [2] [3] [4] and in their references, a question which is relevant to time-resolved electron dynamics is the following: What kind of new information can be extracted when, instead of one, two ultrashort pulses with XUV or shorter wavelengths are generated and used in time-dependent spectroscopy with atoms or with their positive ions?
For example, in a recent publication co-authored by 40 scientists, Prince et al [5] reported experimental results on the coherent control [6] of an ionization process in Neon at the level of only a few as time-resolution, using two XUV ( 63.0 nm and 31.5 nm) fs pulses and adjusting their phase difference,  , so as to control the asymmetry of the photoelectron angular distribution. The authors of [5] argued that their experimental demonstration 'opens the door to The theoretical work reported here has taken our earlier investigations [2] to a more complex and challenging level, by exploring quantitatively the possibility of control of a twophoton resonant ionization process in Helium, when two different XUV pulses with ultrashort duration are used. As before with optical laser-based research on processes of photodissociation and of photoionization, the underlying principle is the presence of interference of different excitation paths ending at the same final state in the continuum [6] . However, the solution of the problem requires going beyond the phenomenology of the mechanism of interference, and obtaining and using time-dependent solutions of the METDSE that account for the interplay between electronic structures, state-mixings, and time-dependent dynamics. This endeavor is analogous to the one used in previous investigations having to do with AC fields, where, however, the many-electron perturbative or nonperturbative treatments can be done in terms of time-independent formulations. For example, see [7] for theory and ab initio results obtained from many-electron calculations on the functional dependence of the 'interference generalized cross-section' on the phase differences between dichromatic or trichromatic weak AC fields. We note that the use of the relative phase as a control parameter in two-color studies of spectroscopy where path interference plays a crucial role, continues to find new areas of application, e.g., [8] .
In the present problem, interference is achieved by irradiating Helium not by one but by We note that the two-photon resonant interference scheme was first proposed by Chen, Shapiro and Brumer [9, 6] in the era of optical lasers and AC fields, and was first demonstrated experimentally by Pratt [10] , followed by Wang and Elliott [11] . Their analysis was based on the time-independent formula of lowest order perturbation theory and on consideration of quantities such as the degree of detuning, laser power, or relative polarization, as control parameters [10, 11] .
In the present case, the theoretical treatment must necessarily involve time explicitly. The relevant information is obtained from systematic calculations that solve the METDSE nonperturbatively, using a two-color perturbation int ( )
. Now, it is t  that has the role of the control knob.
II. CONSTRUCTION OF THE PROBLEM AND QUANTITATIVE SOLUTION
The proposal of the two-photon resonant ionization of Helium using two ultrashort XUV pulses which was outlined in the Introduction, is displayed in Fig. 1 Gaussian pulses of finite duration -see below.
The fundamental equations are,
In our work, the coupling operator in int ( ) t V is the full multipolar electric Hamiltonian,
The compact form (2) is taken from Eq. (5.35) of Loudon's book [13] . The reasons for choosing (2) and the theory which deals with the properties of this operator when calculating bound-bound, bound-free and free-free matrix elements in spherical symmetry, can be found in [14] and its references. As before, the required matrix elements are computed by applying the electric dipole selection rules for linearly polarized light.
In accordance with Fig. 1 , the He 2 1s 1 S state is assumed to interact with two XUV timedelayed pulses. The pulse forms are,
The time delay is positive or negative, and is defined as,
The final results (section III) determine the photoelectron probability distribution, (per atomic
where ,    is the coefficient of the energy-normalized state of the continuum at energy  , with angular momentum  , and end T is the time at which the interaction is essentially zero. 
We also carried out calculations for higher intensities, for which, as expected, the fieldinduced shifts and higher-order state-mixings are enhanced and cause a blurring of the photoelectron spectrum. In this way, we are able to establish a set of values for intensities and for pulse durations for which possible future work on this system could test with confidence the theoretical predictions as well as the experimental techniques.
A. Calculations
The ( ) t  of Eq.(1) was calculated at two different levels of theory. In both cases, the relevant state-specific electronic structures, electron correlations, and energy-normalized scattering states were taken into account systematically and reliably. The characteristics of the pulses were the same for both theoretical models.
The first level, which is the generally applicable one for problems of time-resolved electron dynamics for strong and/or ultrashort pulses, has to do with the nonperturbative calculation of ( ) t  . The SSEA results from this type of solution serve as a reliable reference for both experiment and theory. The second level is that of SOTDPT, where the Gaussian forms of the two pulses and their finite duration of a few femtoseconds were taken into account explicitly.
For the SSEA calculation, the time-dependent wavefunction, , was constructed and computed in the form,
where n  and   are the symmetry-adapted 2-electron bound and energy-normalized scattering wavefunctions for the states, labeled by each reference configuration.
As explained in [12] and its references, the choice of the N-electron wavefunctions in the SSEA is specific to the electronic structure of each state in the expansion, (discrete, resonance and purely scattering state), and to each problem. The theoretical formulations and methods for their calculation at different levels of approximation, depend on the property/phenomenon of interest. In general, these wavefunctions are constructed from separately optimized numerical and analytic one-electron functions, [15] and its references.
In the present case of Helium, the wavefunctionsin expansion (7) were, in large part, already calculated and used in the recent work of [2] . In order to eliminate any numerical inaccuracies and uncertainties, especially when it comes to the diffuse Rydberg wavefunctions, the state-specific bound wavefunctions were computed and used (in matrix elements) Using energies of the energy-normalized scattering orbitals in the range from 0 to 2.0 a.u. above threshold, and angular momenta with  = 0, 1, 2, 3, 4, the convergence of the SSEA calculations was very good. The number of coupled equations corresponding to the converged expansion (7) was of the order of 10000, the overwhelming majority involving, as usual, matrix elements with states from the continuum.
III. RESULTS FROM THE SSEA AND FROM THE TIME-DEPENDENT PERTURBATION THEORY TO SECOND ORDER
Following a series of exploratory SSEA calculations, we identified sets of pulse parameters that can demonstrate with clarity and accuracy the physics of the problem.
Specifically, we delineated roughly the region of moderate intensities that produce photoelectron spectra, (probability distribution per atomic unit of energy), where every peak is interpreted with certainty, (Figs. 2-5) , from the region of strong fields, where the spectrum is altered by being broadened while acquiring additional smaller peaks (Fig. 6 ).
For the moderate intensities of (6), we will discuss three sets of results, presented as Figs. For the reasons given below, our study also included complementary calculations from the application of SOTDPT.
A. Pulses of about 20 field-cycles
The results of the first set with the moderate intensities (6) are displayed in respectively. These peaks are essentially independent of t  .
2,3, 4,5,6, 7 n    However, the absorption of one photon from each pulse gives rise, through the interference of different paths, (Fig. 1) , to the peak in the middle, whose dependence on t  is found to be significant: For negative t  , of the order of 2-5 fs, where the ω 2 pulse precedes the ω 1 pulse, the height of this peak gradually decreases with respect to its value for 0 t   . On the contrary, for positive t  , the height of the peak increases.
This observable dynamical effect, which was obtained quantitatively from first principles, constitutes the main prediction of this work. Its explanation is as follows:
The choice of the pulse intensities, ( 2 overlapping pulses, the height of the interference (middle) peak varies continuously.
In addition to the understanding of the phenomenon that is presented in Fig. 2 in terms of matrix elements and field strengths, it is also of interest to obtain additional quantitative information on how the phenomenon is affected by the states of the full spectrum as a function of the duration (number of field cycles) of the two pulses. We recall that the spectral widths of these pulses are not negligible. For example, for the present case of 20 cycles, these spectral widths are 0.76 eV and 0.62 eV, (depicted on Fig. 1 ), when the energy differences between the two The formula for the matrix element of the SOTDPT can be found in textbooks, e.g., in
Chapter 2 of [17] . In the interaction picture, it is formally written as the operator, (2) 
where J spans the discrete and the continuous parts of the P spectrum is smaller than before. The total value of the SOTDPT calculation is almost the same as that from the SSEA calculation.
C. Pulses of about 80 field-cycles
The results of the third set are shown in This fact is rationalized as follows: The formalism for AC fields corresponding to Eq.
, and ( ) 0 E   , -adiabatic switch-on of the fields),
shows that the transition amplitude to the interference (middle) peak is equal to,
This amplitude diverges when resonant coupling occurs. Therefore, the discrepancy between the nonperturbative SSEA and the SOTDPT results indicates that for pulses with k  , 1, 2 k  , of about 80 field cycles or more, the pulses start approaching rapidly the AC limit. In this limit, the time-dependent perturbation theory to lowest order in inadequate in describing quantitatively, even for moderate intensities, the interference phenomenon caused by the two-XUV photon resonant ionization process discussed here.
D. Pulses of about 40 field-cycles and strong fields
Finally, we turn to a case where the fields of the two pulses are rather strong. Fig. 6 displays the results for An additional useful piece of information from the calculation with such pulse parameters is the possibility of testing the validity of the SOTDPT. The results show that, for such intensities, the phenomenon of the interference peak cannot be described reliably by the SOTDPT. Indeed, the SOTDPT value for the top of the peak is 6.6, deviating by a factor of about 60 from the result obtained from the nonperturbative SSEA.
In view of the results and discussion of the previous subsections, we close this section with a brief commentary on the Rabi frequency and its possible effect on the results:
The results that are displayed as Figures 2-5 , demonstrate the proposed phenomenon of interference as a function of the (positive or negative) time delay, t  , with clarity. In view of the physics of Rabi oscillation, it is useful to see how this is achieved. The field strengths were chosen to be F 1 = 0.00534 a.u. and F 2 = 0.015 a.u., so as to obtain Rabi frequencies that are almost equal, Ω 1 = F 1 <1s 2 |z|1s2p>= 0.0022 a.u. and Ω 2 = F 2 <1s 2 |z|1s4p>= 0.002 a.u.. These frequencies correspond to a Rabi cycle of about 70 fs.
We are now in a position to estimate the number of Rabi oscillations, os N , for pulses that have Gaussian temporal shape, by using the formula first presented in [18] ,
where, This fact explains our choice of this system (He spectrum plus laser parameters). The aim was to produce results where the control which can be effected by varying t  (see the interference peak corresponding to E 12 ), is demonstrable clearly.
As regards Fig. 6 
IV. CONCLUSION
Recent developments in experimental research on free-electron laser (FEL) show that it is now possible to produce simultaneously two ultrashort pulses with wavelengths in the XUV range, e.g., [1, 5] . Although it appears that problems regarding their consistent characterization persist, (e.g., due to 'jitter'), there is realistic optimism about their systematic use in spectroscopic investigations of time-dependent phenomena associated with electron dynamics.
The theoretical work reported in this paper has proposed and shown computationally with reliable accuracy, that it is possible to use ultrashort time delays, t  , between two XUV pulses of ultrashort duration (about 15 to 80 cycles for wavelengths around 50-60 nm), and of moderate intensities, in order to control the dynamics of photoelectron emission based on a scheme that makes good use of interference of different excitation paths leading to the same final state.
Through analysis and trial calculations, we identified excitations in the Helium spectrum, (Fig. 1) , and an appropriate range of pulse parameters, which demonstrate the argument quantitatively in the case of two-XUV photon, (58.4 nm and 52.22 nm), resonant ionization with few-femtosecond Gaussian pulses.
Evidently, if two ultrashort FEL pulses with shorter wavelengths are available for such synchronized interactions, the spectrum must be chosen accordingly. (E.g., larger energy differences in inner-shell resonant excitations or in excitations in the spectra of positive ions). The solid line curve corresponds to 0 t fs   , the dashed one to 2.4 t fs   , the dotted one to . The curve corresponds to t  = 0. The SOTDPT value for the interference (middle) peak is 6.6, i.e., an order of magnitude off the value obtained by the SSEA nonperturbative calculation.
